Presymplectic dynamics, as it arises from the Lagrangian and Hamiltonian dynamics of 'non-regular' mechanical systems, has proved to be a theory whose focus is an implicit differential equation called Dirac equation [3] . A general geometric framework developped for implicit differential equations [4] will be applied to Dirac equation, with the aim of gaining a clear understanding of its possible symmetries and their role in the problem of integration. Noether's theory of symmetries and conserved momenta will then be extended to Dirac equation, and thence to non-regular Lagrangian and Hamiltonian dynamics. The overall picture will appear to be the most natural generalization of the classical theory concerning 'regular' mechanical systems.
Introduction
Symmetries and conservation laws are well established concepts for a system of ordinary differential equations in normal form, described -in geometric terms -as a vector field on a manifold.
Particularly rich is their history in symplectic dynamics (arising from the Lagrangian and Hamiltonian dynamics of 'regular' mechanical systems), where the law of the motion is, in coordinate formalism, a system of ordinary Hamiltonian equations and, in geometric formalism, a Hamiltonian vector field on a symplectic manifold. In such a case, Noether-type symmetries and their momentum mappings have found a firm and elegant geometric formulation [1] .
Somewhat more nebulous is the situation in presymplectic dynamics (arising from the Lagrangian and Hamiltonian dynamics of 'non-regular' mechanical systems in Dirac's sense [7] ), where the law of the motion is, in coordinate formalism, a system of ordinary differential equations in implicit form. In that case, the very geometrical formulation of the above law -usually conceived as a family of vector fields on a presymplectic manifold [8, 9, 5, 10] -appears unrelated to the original conceptions of classical Analysis and Mechanics and actually obscures the ultimate geometric meaning of 'implicit differential equation ' .
The proper geometric definition of such an object, as has been recognized elsewhere [11, 12] , is simply that of a submanifold D of the tangent bundle of the given manifold M (the image of a vector field X on M is the special case of a normal equation). Solutions to D will then be the smooth curves of M whose tangent lifts live in D (in particular, the integral curves of X in the normal case).
Once based on that conception, presymplectic dynamics appears to be the theory of 'Dirac equation' (a special kind of implicit differential equation on a presymplectic manifold), spontaneous generalization of 'Hamilton equation' (image of a Hamiltonian vector field on a symplectic manifold), and has been shown to be the 'common core' of both Lagrangian and Hamiltonian dynamics [3] .
In the present paper, Dirac equation will be cast into the general framework developped in [4] for implicit differential equations on manifolds (sec.2). That will lead to a clear understanding of the whole hierarchy of symmetries of Dirac equation and their role in the problem of integration (sec.3). In this context, Noether-type symmetries and their momentum mappings will find a natural generalization to Dirac equation (sec.4). Through this way, classical Noetherian conservation laws will be extended to both Lagrangian and Hamiltonian dynamics of non-regular mechanical systems (sec.5 and sec.6).
Dirac equation in presymplectic dynamics
We preliminarly recall the main features of presymplectic dynamics, as it arises from Lagrangian and Hamiltonian dynamics [3] .
Let M be a smooth manifold and
the tangent and the cotangent bundle of M, respectively.
is a presymplectic structure (i.e. a closed 2-form) on M with 'musical' vector bundle morphism
(where the brackets denote pairing between forms and vectors), then
In analytical dynamics, where M is the (velocity or momentum) phase space of a mechanical system and T * M is the space of covector forces of the system, a Dirac structure like Graph is assumed as a sort of balance law, prescribing condition
of the system (aboveκ denotes the tangent lift of κ).
In particular, by virtue of Graph , to any covector force field (closed 1-form)
there corresponds on M the implicit differential equation which is then to be regarded as a necessary condition for a motion κ to be dynamically possible under the given force field η.
In both Lagrangian dynamics (on velocity phase space) and Hamiltonian dynamics (on momentum phase space), a Dirac equation may not be sufficient to characterize the dynamically possible motions, which in fact correspond to the integral curves of a more restrictive equation, extracted from one like D through an additional 'second-order' condition (see sec.5 and sec.6).
In any case, the dynamically possible motions are to be searched for among the integral curves of a Dirac equation, whose integration is therefore the first relevant step in dynamics.
Noether symmetries
Symmetries of an implicit differential equation on a manifold, are local or global transformations of the manifold which take integral curves onto integral curves [4] . Their primary role in the problem of integration is of course that of constructing new integral curves from known ones.
Here the symmetries of Dirac equation will be classified.
Let D be the Dirac equation generated on M by (ω, η).
For any two open subsets U and V of M, a diffeomorphism
is a (local) dynamical symmetry of D if both Φ and Φ −1 take integral curves onto integral curves, i.e. 
Thence one is naturally led to focus on a more 'formal' kind of symmetry, namely a geometrical symmetry Φ of D, defined by requiring that D itself should be Φ-invariant, i.e.
It is quite obvious, in view of the above mentioned identities, that a geometrical symmetry is a dynamical symmetry as well.
Finally one might even go back to the very generators (ω, η) of D and define a Noetherian symmetry Φ of D by requiring that ω and η should be Φ-invariant, that is to say,
(a restriction like ω| V is the pull back of ω by inclusion V → M and a symbol like Φ * (ω| V ) denotes the pull back of ω| V by Φ). Such new symmetries still fall within the range of dynamical symmetries, as will now be shown.
Theorem 1 A Noetherian symmetry is a geometrical -and hence a dynamicalsymmetry.
Proof. It will suffice to prove that, for any diffeomorphism Φ :
. From our hypotheses, it follows that
i.e. y ∈ D. That proves our claim. 2
To the above hierarchy of 'finite' symmetries, there corresponds a parallel hierarchy of 'infinitesimal' ones.
Let X ∈ χ(M ) be a vector field on M, i.e. the infinitesimal generator of a one-parameter (local or global) group of transformations {Φ t : In the sequel, we shall deal with a special kind of Noetherian symmetry algebra g of D. To this purpose, recall that, for any ζ ∈ g, the requirement of ζ M being a Noetherian infinitesimal symmetry can as well be expressed by conditions 
owing to which ζ M = i ζ M ω is required to be locally exact and i ζ M η is required to be locally constant. By strengthening these requirements, we can prolong further our hierarchy of symmetry algebras. Namely, we shall consider an exact Noetherian symmetry algebra of D, i.e. a Lie algebra g acting on M in such a way that, for each ζ ∈ g, ζ M is taken by onto a globally exact 1-form
Properties and examples of exact Noetherian symmetry algebras will be shown in the next sections.
Momentum mappings
The geometric formulation of Noether's theory of symmetries and corresponding conserved momenta -well established for Hamilton equation-can naturally be extended to Dirac equation, as will now be shown.
We shall consider an exact Noetherian symmetry algebra g of Dirac equation D and its dual space g * (a multiplicative notation will denote pairing between elements of g * and g).
Theorem 2 An exact Noetherian symmetry algebra g of D admits a momentum mapping, i.e. a smooth mapping
where
is the pairing between J and ζ.
Proof. Let ( α ), with α = 1, . . . , dim g, be a basis of g and ( α ) the dual basis in g * . For each value of α, αM is an exact 1-form, i.e. αM = dJ α for some smooth, real-valued function
which is our claim. 
whenever Imκ ⊂ D, which proves our claim. 2
As a consequence, the role of an exact Noetherian symmetry algebra g in the problem of integrating D (under suitable hypotheses on the rank of J ) is that of 'reducing the number of degrees of freedom'. Indeed, in view of the above conservation law, any Cauchy problem (M, D,
Applications to Lagrangian dynamics
The above results will now be applied to a simple kind of constrained mechanical system, described by the following ingredients:
(i) a smooth manifold Q (the configuration space of the system), (ii) a real-valued smooth function L (the Lagrangian of the system) defined on an open submanifold M of T Q.
Lagrangian dynamics deals with the problem of characterizing, through a suitable law, the dynamically possible motions γ's of the system in configuration space Q or, equivalently, the dynamically possible motions κ's of the system in velocity phase space T Q, which are obtained from -and are bijectively related to-the dynamically possible motions in Q via tangent lifting γ → κ :=γ. The dynamically possible motions in T Q, determined by the established law (Hamilton's variational principle of stationary action), have been shown [2] to be the integral curves of the implicit differential equation on M ⊂ T Q defined as follows.
be the Poincaré-Cartan 1-form and the energy associated with the Lagrangian (where Δ denotes the dilation vector field on M, S the vertical endomorphism of T M, i S the corresponding derivation of type i * and
and consider the Dirac equation on M generated by (ω, η), i.e.
From D we extract a more restrictive equation by adding the second-order condition defining
By doing so, we obtain the announced Euler-Lagrange equation
whose integral curves κ's will be those of D satisfying the second-order condition κ =γ, with γ :
If L is a regular Lagrangian (i.e. is invertible), then E = D ⊂ T 2 Q is a normal Hamilton equation, for which a well known Noether's theorem on 'point-symmetries' holds true. Owing to the general theory developped in sec.4, Noether's theorem can be extended to the implicit equations D and E corresponding to an arbitrary (possibly non-regular) Lagrangian, as follows.
Let g be a Lie algebra acting on 'points' (i.e. on Q) through a Lie algebra
(where ζ T Q denotes the tangent lift of ζ Q ). L will be assumed to be g-invariant, i.e.
J is then a constant of the motion of both D and E.
Proof.
We shall make use of some known properties of derivations associated with vector forms, namely
where [·, ·] is the Lie bracket of vector forms, and
(since ζ M is a tangent lift). Owing to such properties, for any ζ ∈ g, we have
That proves that g is an exact Noetherian symmetry algebra of D with the claimed momentum mapping J . Owing to the previous theorem, J is a constant of the motion of D and hence of E ⊂ D . 2
Applications to Hamiltonian dynamics
The dynamics of the above mechanical system will now be reconsidered under the following almost-regularity hypotheses (which involve the Legendre mor-
Hamiltonian dynamics deals with the problem of characterizing the dynamically possible motions κ 1 's of the system in momentum phase space T * Q, which are obtained from -and are bijectively related to-the dynamically possible motions γ's in Q via Legendre lifting γ → κ 1 := L •γ. The dynamically possible motions in T * Q have been shown [3] to be the integral curves of the implicit differential equation on M 1 ⊂ T * Q defined as follows. Put
(where θ 1 denotes the pull back by ι 1 of the Liouville 1-form of T * Q) and consider the Dirac equation on M 1 generated by (ω 1 , η 1 ), i.e.
From D 1 we extract a more restrictive equation by adding the second-order condition defining
By doing so, we obtain the announced Hamilton-Dirac equation
whose integral curves κ 1 's will be those of D 1 which satisfy the second-order condition κ 1 = L •γ, with γ := π Q • κ 1 . We shall now extend Noether's theorem on 'point symmetries' to the above implicit equations D 1 and H . To this purpose, we need a Lie algebra g acting on Q, and hence on M ⊂ T Q, in such a way that, for each ζ ∈ g, ζ M ∈ χ(M ) satisfies the projectability condition
, which allows the action of g to be lifted to 'momenta' as well, i.e. to M 1 ⊂ T * Q , through 
is then a constant of the motion of both D 1 and H.
Proof. First, we reconsider the momentum mapping J defined in sec.5, whose pairing with any ζ ∈ g gives Jζ = L * 1 (J 1 ζ) ( a)
Moreover, we recall that ω = L * 1 (ω 1 ), whence
Finally, we remark that η = L * 1 (η 1 ), whence
Now, as is known from sec.5, the hypothesis of L being g-invariant implies
which, owing to (a), (b), (c) and recalling that L 1 is a surjective submersion, read
That proves that g is a Noetherian symmetry algebra of D 1 with the claimed momentum mapping J 1 .
As a consequence, J 1 is a constant of the motion of D 1 and hence of H ⊂ D 1 . 2
